Decentralized Network Resource Allocation As A

Repeated Noncooperative Market Game

1

Rajiv T. Maheswaran and Tamer Bagar
Coordinated Science Laboratory, Uniwversity of Illinois,
1308 W. Main Street,

Urbana, Illinois 61801-2307, USA
(maheswar, tbasar)@control.csl.uiuc.edu

Abstract

Market-based methods are an emerging paradigm for
controlling large decentralized systems. We introduce
in this paper a bidding mechanism for allocation of
network resources among competing agents, and study
it from a game-theoretic perspective. We prove the
existence and the uniqueness of Nash equilibrium and
present an update algorithm that allows users to con-
verge to the Nash equilibrium in a decentralized man-
ner using feedback of only the common information
available to the resource. The necessary conditions for
local stability of relaxed versions of the algorithm are
derived and verified by simulations.

1 Introduction

The rapid expansion of the Internet can be attributed

in part to the fact that the decisions regarding trans-
mission rates are made at the source. This allows nodes
to be added seamlessly without having to reconfigure
the entire network. The detractor of this method is
the management of resources by users, such as con-
gestion control, evidenced by ever expanding delays.
Similarly, mobile or transportable software agents al-
low users to port their code, accessing various network
devices and processors in an autonomous manner [5].
However, there remains the concern that autonomous
code may overrun open resources if agents are not prop-
erly managed.

Market-based control has been evolving as a method to
incorporate control into systems with large autonomous
agents. Economic paradigms allow for decentralized
implementation while providing mechanisms to regu-
late the behaviors of users. In addition, markets en-
able systems to scale rather easily once the initial dy-
namics of the exchange between users and resources
are established. There have already been several appli-
cations of market and auction mechanisms to comput-
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ing resources, operating system memory allocation, fac-
tory scheduling and manufacturing systems [3]. There
have also been extensive applications and support for
market-based control in communication networks [2],
[6], [10], [11], [12]. Many of these implementations ad-
vocate usage based pricing, and associate agents with
individual utility functions. In this paper, we adopt
this framework to create a stable bargaining structure
where users can manage distributed resources in a de-
centralized manner.

The performance each user receives is often affected by
the actions of other users attempting to access the same
network resources. The level of service all the users
obtain will be a result of the equilibrium reached after
users negotiate among themselves to satisfy their utili-
ties. The nature of this negotiation and the attempt to
find a stable operating point between competing agents
calls for game-theoretic analysis. Modeling communi-
cation network problems as dynamic games has pro-
duced Nash equilibria solutions in many settings such
as capacity allocation in routing [7], congestion control
in product form networks [8], flow control in Markovian
queueing networks [9], and rate-based flow control [1].
To reach Nash equilibria in decentralized settings, ne-
cessitated by the fact that users do not have access
to other agents’ bidding strategies and utilities, iter-
ative algorithms based on network feedback that con-
verge to a stable operating point are often necessary.
Game-theoretic perspectives have resulted in existence
of Nash equilibria in multiclass traffic environments,
and the convergence conditions of various algorithms
have been investigated [1],[4].

In this paper, we attempt to integrate market-based
modeling and game theory to introduce a new mar-
ket mechanism to manage network resources. We show
that a unique Nash equilibrium with certain profit max-
imization properties exist, and investigate decentral-
ized methods to reach this equilibrium. The paper is
organized as follows. In Section 2, we describe the basic
model of the system including the market mechanism
for distributing resources, and the behavior and util-



ity of our users. In Section 3, we prove the existence
and uniqueness of a Nash equilibrium with respect to
users’ demand. In Section 4, we introduce a decentral-
ized update algorithm to reach the Nash equilibrium.
In Section 5, necessary conditions for the local stability
of relaxed versions of the scheme are derived. In Sec-
tion 6, we present the results of simulations of the al-
gorithm that verify its convergence. Finally in Section
7, we make some concluding remarks and suggestions
for future work.

2 System Model

In our model, a resource determines a capacity, C(t),
of its service that it is willing to open up to users at
time ¢. This capacity can be a percentage of CPU cy-
cles from a processor offered to software agents or a
portion of bandwidth in a link allotted to elastic traf-
fic. The competition in this market is among the users
for the good being offered by the resource. We assume
that there are K (t) users competing for the offered re-
source at time ¢, where K(t) € Z*. The resource is
allocated as follows. Each user bids an amount that
he is willing to pay per unit time for a portion of the
available capacity, i.e. the i-th user bids u;(t). After
all users’ bids are in, the i-th user will receive service
at rate

K(t)

vit) = | wi(t)/ D u(®) | O(). (1)

This allocation is fair in the sense that each user pays
the same amount per unit resource at a given instant
in time. This allocation is also the proportionally fair
allocation for a single resource [6]. The price at time ¢
is Zf:(? ur(t)/C(t) dollars per unit of resource. This
price serves as an indicator of the demand for this re-
source and can be used as feedback as a congestion in-
dicator to users. This allocation mechanism induces a
non-cooperative game between the K (t) users attempt-
ing to partition the offered capacity of this resource.
To ensure that the system is not raided by “scavenger”
agents, the resource advertises that it will not provide
service unless a minimum total bid of ug is supplied by
all the agents at equilibrium. We assume ug > 0, is
sufficiently small such that any equilibrium reached by
competition between legitimate agents will exceed this
value.

For simplicity, we will assume that time is partitioned
into slots of unit length. We will first analyze the mech-
anism within a single time slot, and thus will drop the
reference to time in our variables.

The i-th user has an associated utility which is a func-
tion of the cost or bid for that time slot and the service

received. The service received is a function of the sum
of the bids of all the other users attempting to gain
access to that resource. The user’s utility will then be
a function of the total amount bid in that time slot by
other users, denoted §_;. The i-th user can then opti-
mize its utility over its bid u; for any given value of 6_;.
This bid function can be mapped to an equivalent func-
tion whose independent variable is § = Ele ug, the
sum of all bids for the given time slot, by substituting
0_; = 0 —u; and solving for the u;. Given that the sum
of all bids at a given slot is 8 and the optimal bid for
the i-th user is u;(6), our resource will allocate u;(6)/6
of the offered capacity to the i-th user. Because u;(6)
was obtained by optimizing the user’s utility, the quan-
tity d;(0) := u;(0)/6 represents the optimal demand as
a percentage of the resource available for the i-th user
given that the sum of bids in that time slot is  or
equivalently, the price per unit capacity is §/C. Thus,
we know that if the allocation in the current time slot
yields a point that lies on the curve d; (), it will have
optimized the user’s associated given utility.

We assume that the functions d;(0) : Rt — [0,1], i =
1,..., K, have the following properties:

d;(0)=1
d,(G) =0, V0> 0_2
d,'(01) > d,(02) Vo, < 65 < 6_,
d;(#) is continuous on [0, c0)

The first property states that a user will want all of
the available resource if the price is zero or equiva-
lently if nobody else is bidding for it. Similarly, the
second property states that there is some price beyond
which the user will not desire any of the resource. The
third property captures the fact that in the price region
where a user will desire to purchase service, its optimal
demand will decrease as the price increases. Finally the
fourth property intuitively states that an infinitesimal
change in price can cause only an infinitesimal change
in the optimal demand. Even if the last property does
not hold for some users, their optimal demands can be
approximated with arbitrary precision if they have fi-
nite discontinuities. Sample optimal demand functions
are shown in Figure 1.

If a user has linear benefit with respect to its alloca-
tion, and has the utility function, U; = v;v; — u;, the
resulting demand function is d(f) = maz{0,1 — 6/v;}
which satisfies the conditions stated above. Another
scenario where agents minimize the total time taken to
complete a sequence of tasks leads to a demand func-
tion that also satisfies the aforementioned conditions
on d(6) [2].
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Figure 1: Sample Demand Functions

3 Nash Equilibrium Allocation

We have introduced in the previous section a model
where K users enter a bidding game to obtain a portion
of an offered resource. If the resulting allocation does
not lie on the user’s optimal demand curve, the user will
update its bid. An immediate question is whether there
exists a set of bids {u;}X, that is a Nash equilibrium,
i.e., a set of bids such that no single user wishes to
deviate from its bid given that the bids of all the other
users remain the same. To answer this question, we
note that this is equivalent to asking whether there
exists a value for the sum of total bids, €, such that
S % di(f) = 1. This equivalence is valid because all
of the offered capacity is partitioned among the users
proportionally to their bids and the optimal demand
function represents a percentage of the offered capacity.

Theorem 1 Given any set of continuous functions
{d:(0)}E | where d;(0) = 1, d;(§) = 0 VO > 0;, and
d,(ol) > d,(02) \V/01,02 such that 61 < 65 < 9_1 fOT
i=1,...,K, there erists a unique value 8* such that

SR di(6*) = 1.

Proof. Let d(f) = Y.X,di(d). Then d(9) is a
continuously decreasing function whose maximum is
d0) = K > 1. Let 0p.x = max;0;. We have
d(Amax) = 0. Applying the Intermediate Value The-
orem for d() on [0,9max], we know that there exists
at least one 6* such that d(6*) = S, di(6*) = 1.
Let us assume that there are at least two values of
6 where d(d) = 1. Let us choose two of these val-
ues as 0 and 63, where 8] < 6;. Then, we have
d;(0F) > di(63) Vi = 1,...,K, which implies that
d(67) > d(03). But we have d(07) = d(63) = 1, which is
a contradiction and thus we can have only one 8 where
d9) = iz, di(6) = 1.m

A depiction of the Nash equilibrium value of § can be
seen in Figure 2 where there are four users with optimal
demand functions shown in Figure 1. The resulting set

Figure 2: Depiction of Nash Equilibrium Value of § = 6*

of bids that would form a Nash equilibrium allocation
would be {u; : u; = d;(6*)0*}E,. Given any set of
competing agents with K > 2, we will have §* > 0,
thus if the i-th user is to receive any service from the
resource, it is necessary that d;(6*) > 0. Thus, the
value of §* will determine which users will get service
in the equilibrium allocation.

4 A Decentralized Bidding Algorithm

If we had a way to communicate {d;(8)}X, to the
resource, it could calculate the equilibrium allocation
and enforce it immediately. This could be achieved by
either the profit maximization procedure outlined in
the previous section or a binary search algorithm. It
would be desirable, however, if the users could reach the
Nash equilibrium allocation in a decentralized manner.
If, at time slot 0, each user bids u{, i = 1,..., K, then
the total demand would be Y 5| u? and the i-th user
would receive u?/ =K 0 fraction of the resource. If
the available common information, the sum of all bids
and the number of users, is given as feedback to the
users, then we seek a set of update policies {fi} X,
such that if u?* = f;(u™), where u™ = [ufu - --u}],
then lim,_,o ul’ = uf = d;(0*)6*, i=1,... ,K.

For the bid that the i-th user makes, there will be a
pair

K
(2,3:) = [ > us “—) (2)
(; Zzlil Ui

which denotes the congestion for that current time slot
and the service rate received by the i-th user. We know
that if this pair does not lie on the curve (6, d;(6)), the
current allocation cannot be a Nash equilibrium alloca-
tion. Thus, we propose an update algorithm where the
user projects the current allocation pair to a point on
its optimal demand curve as demonstrated in Figure 3.

Thus, given a bid u; and feedback § = Zfil u;, the
user can calculate (z,4;) and project it on the demand
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Figure 3: Horizontal Projection Algorithm

curve to get (p;(v:), yi) where p;(y;) represents the level
of demand or equivalently, the price at which the i-th
user would want y; as its allocation of the resource. The
function p;(y;) = d; *(y;) is a strictly decreasing func-
tion where p;(0) = ; and pair p;(1) = 0. To achieve
the price and allocation (p;(y;),v;), a user must bid
u; = y;p;(y;). This leads to the following decentralized

update scheme:

wptt = (uf /a™)ps ((uf' /@) 3)
where n and n + 1 denote the two consecutive iteration
stages and 4" := Zfil u. We define:

gi := (pi(y;) + yipi(y7))/x” (4)

where y is the equilibrium allocation for the i-th user,
pi(+) is the derivative of p;(-), and z* is the equilibrium
bid total. Since p;(y}) < z*, ¢; < 1 for decreasing de-
mand functions. We can show that the basic update
scheme as described by (3) converges locally whenever
|gi| < 1 Vi. Because p;(-) and z*are finite, ¢; can be
interpreted as an indicator of the price sensitivity of
equilibrium allocation, i.e. pi(y¥). Thus, the basic al-
gorithm will converge unless the user’s sensitivity to his
allocation is higher than a given value. We next inves-
tigate if we can extend local stability to a larger class
of demand functions by relaxing the basic algorithm.

5 Local Stability of Relaxed Algorithm

We consider the following relaxed version of the basic
algorithm:

upt™t = ai(uf /a")pi (] /a™) + (1 - aq)uf

where a; € (0,1], which also covers the unrelazed case
(a; = 1). This update scheme is decentralized as it
only depends on common feedback, @™, and local in-
formation, u} and a;. We assume that the demand
curves are restricted to those that yield the following

conditions for i =1,... | K:
¢ #0
g # —o0
which ensure that the users are neither infinitely sen-
sitive nor completely insensitive to the price at equi-
librium. To investigate local stability, we linearize the
update algorithm around the equilibrium bids {u}}.

Then, if we define €] := u]' —uj, the linearized system
is "t = Jem, J = AJ + (I — A), where

y=[lvs-yx], 1x=[11---1]
Q = diag(q1, 92, ,qx)
A =diag(a1,a27... ,aK)

We now investigate the conditions under which J is sta-
ble. Let A be an eigenvalue of J, and x a corresponding
eigenvector. We have

Jr=(AI-Y)Q + (I — A)z = \z.
Multiplying from the left by @, we have
(QAI-Y)Q+ QU — A))z = AQ=.

Since I,Q and A are diagonal matrices, we have the
following relations

RQA=AQ, QU-A)=(I-4A)Q
and thus,

[AQUI -Y)+ (I — A)] Qz = \Qz
[AQ — AQY + 1 — Alr =

where r = Qx. Let 7 := 1x7r. Then,

14171
AQr =
OKJKTK
arqiyili arq1yy
AQYr = r= : T.
akqrYrlk OKqKYF

Thus, for every X that is an eigenvalue of .J, we have:
aigirs — igqiy; T + (1 — aq)ri = Ay Vi

If we assume that the candidate A has an eigenvector
such that 7 = 0, we have

A=aigi + (1 — ;) = G

Thus, we will have a stable system if we choose
a; €(0,1] such that

a; < 2/(1—q,~) (5)



If, on the other hand, the candidate eigenvalue A\ has
an eigenvector such that 7 # 0, we have

(igi + (1 — ay) — AN)ri = aiqiy; T

Qiqiy; T
aiq,-—i—(l—ai)—/\_ T
izly'aiQi‘F(l—ai)—)\_
:iyf a;q; -1
=1 qu_A

K
#nyzi: 1
i=1

where z; = (;q;)/(@ — \) =: 2F + jz! is complex.

If we can choose a; such that zF < 1 for all 4, for some
candidate eigenvalue A, then we know that A cannot
be an eigenvalue for .J, because Eil y; = 1. We now
investigate how to choose a; in a way such that z? <
1 for all candidate eigenvalues on or outside the unit
circle. If we can do this, we know the resulting system
is locally stable as the only valid eigenvalues for J must
lie inside the unit circle. Let A = o + jw. Then,

2 = igi /(G — A) = 2iqi /(i — (0 + jw))
= aiqi/((¢i — o) — jw)
= aiqi((§ — 0) + jw) /(G — 0)* + w?)
= 7' = iqi(§; — 0) /((§; — 0)? + w?)

We assume that «; has been chosen to satisfy (5), im-
plying —1 < §; < 1.

Case 1. Let us assume that ¢; > 0. Then, ¢ > ¢; =
zF < 0 so we assume 0 < g;. If |o| > 1, ¢; > 0, then

2R < aiqi(qi —0))(qi —0)? < ugi/(qi — o) < 1

Va; € (0,1) since ¢; < 1, 0 < g;, |o| > 1 implies o < 0.
If |o| < 1, |A] > 1= w? >1— 0% Then,

R gi(¢ — o)
z:w < oy :
T @—o)?+(1-0?)
- o 2i(gi — o)
‘@ +20q;+02+1—02
o qi(¢; — o) <1

qi(¢i — o) + (1 —og:)

Case 2. Let us now consider, ¢; < 0. If o < §;, then
zF <0, so we assume ¢ > §;. Consider 0 > 1 > §;.
Then, we have

RS ;qi(G; — o) _ o oigi
‘ (¢i — 0)? (gi — o)
_ a;iq; <1

aigi+1l—0—aq;

If G <o <1,]A\| >1=w?>1-0% Then, we have

R < ouq %0 =: 0;q;
% _aq(qi_a_)2+(1_o_2) aqf(a)
where
of(o) g —1

90 [@-oP+1=opp 2"

if |g;] <1, and f(g;) = 0. Thus f(o) is minimized and
hence the bound on z® is maximized as ¢ — 1. This

i

implies
ca: (6 — 1 . ds
ZzR < — azqz((h ) _ ﬂazQz
G-1P+(1-1) G-1
_ a;q; _ a;iq; _ qi <1
agi+1—a;—1 a(g—1) ¢-—1

Thus, we have shown that if a; < 2/(1 — ¢;), the re-
sulting system will be locally stable for all values of
gi € (—o0,1). However, ¢; is determined from the al-
location at equilibrium which is not known a priori to
the user. Each agent must take into account all possi-
ble equilibrium allocations when choosing its relaxation
parameter. If the user minimizes the function

9(y) = pi(y) + ypi(y))/pi(y)

over the domain y € (0,d;(ug)) where ¢; denotes the
minimum, then §; < ¢; (unless g(y) > 0 Vy in which
case relaxation is not necessary). Since p;(y) and d;(ug)
are known to each agent a priori, a; can be chosen in
a decentralized manner assuring local stability. This
analysis can be applied to all decreasing demand func-
tions that do not have an infinite or zero derivative
(sensitivity) with respect to price. The only exception
is the case where a user receives an allocation of zero
and his upper limit is equal to the equilibrium price,
i.e. § = p;(0) = z*. This is a topic for further investi-
gation.

6 Simulation Results

The algorithm was tested over the sample demand
functions

QU
—~
5
~

|

max{O, 1-— 1‘/0_}7
dz) = max{0,1— (z/6},

d(z) = max{O,l—\/ﬁ}’

assigned with equal probability to each agent. For each
test, the quantities K € {2,---,100} and 8 € (0,1)
for each agent were chosen uniformly from the given
sets. Simulations were run for 200 iterations, and in



all cases the allocations matched the Nash equilibrium
allocations within 100th of a decimal place. A sample
evolution for 100 agents is shown in Figure 4. The tests
showed that relaxation was only necessary in scenar-
ios where only two users received non-zero allocations.
Sample evolutions displaying the effect of relaxation
can be seen in Figure 5.

Allocation

0 20 40 60 80 100 120 140 160 180 200

Iteration

Figure 4: Sample Evolution of 100 Agents

Allocation

o s 10 1 14 s 1o
Iteration (without relaxation) a=1.0

Allocation

0 2 4 6 8 10 12 14 16 18 20

Iteration (with relaxation) a=0.5

Figure 5: Sample Effect of Relaxation

7 Conclusions

We have introduced a market mechanism for allocat-
ing network resources in a proportionally fair manner
where users pay the same price per unit of service.
Users are characterized by decreasing optimal demand
functions derived from an original associated utility
function. A unique Nash equilibrium has been shown
to exist for users with heterogeneous demand functions.
We have proposed a decentralized update scheme that
uses a projection onto the optimal demand curve. We
investigated relaxed versions of the algorithm and de-
rived the necessary conditions under which it is locally
stable. Possibilities for future work include extensions
to analysis of global stability, exploration of the rela-
tionships between utility and demand, and studying
multiple resource competition.
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