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Abstract— depend on access to more than one resource. The Internet is
The application of economic ideas to control electronic a combination of several independent networks and creating
E%thggltg%n'; asnet‘t?i’r:‘gsrg'g?vigﬁfl;g“aggggg'sgn; e'“a”?/ti‘;"glré‘ ‘Z;‘g: a connection via bandwidth auctions might require obtaining
for regulation of services such as bandwidth and processing service from different providers. In a computational settm.g,
share. Often, the performance of an agent in the system the pe.rformance of processes can depend on the obtained
depends simultaneously on the allocation received from several allocation of both CPU share and memory.
resources. In this paper, we investigate the extension of a | this paper, we extend the proportionally fair divisible

proportionally fair divisible auction to the case where agents’ . - . .
utilities have complementarities across multiple resources. We auction to a multiple resource setting. One of our goals is

show the existence and uniqueness of a Nash equilibrium O study the nature of equilibria (existence and uniqueness)
under various symmetry conditions. We propose a negotiation under this structure. Characterizations of valuations for divis-
algorithm and prove that under relaxation, the scheme is locally ible auctions require large information loads so single shot
stable for particular agent characterizations. resolutions have undesirable communication costs. Thus, we
I. INTRODUCTION also investigate negotiation algorithms that converge to stable
market clearing.

) _ The paper is organized as follows. In Section Il, we present
Market mechanisms have been advocated as an effectiyR, proportionally fair auction and describe agents’ utilities

method to control electronic resources for many of the sam@a include complementarity across multiple resources. In
reasons that markets have effectively regulated the tradg . (ion 111, we investigate the existence and uniqueness of
of traditional goods [4], [6]. Currency-based models allovgqyilipria. In Section IV, we propose a negotiation algorithm
for common valuation of heteroger_lgous resources givingaseq on price feedback and analyze its convergence prop-
system managers or agents the ability to establish priorigyiies |n Section V, we discuss the notion of relaxability
or specify preferences. Markets are appropriate for decefng show that a relaxed version of the proposed iteration
tralized systems because independent allocations can ocgHheme is locally stable for agent populations with various

simultaneously in a distributed network without a centraly metries in their valuations. In Section VI, we summarize
authority. In addition, prices serve as low-dimensional feeds ,; work and present a few areas for future study.
back for control. Examples of market-based control can be
found in factory scheduling, manufacturing systems, energy
distribution and pollution management [2]. Il. SYSTEM MODEL

We focus on auctions over other pricing mechanisms
because the transparency of the allocation rule removes
any information advantage of knowing how a price rule is We assume that there ad€ resources of interest to a
derived. Most classic auction literature focuses on the saparticular population ofV agents. Lets}” be a nonnegative
of a single indivisible good [5]. Recently, there has been Eeal number which denotes theh agent's bid for the:-th
lot of work on the auction of multiple units of indivisible resource. For now, we assume that every agent is bidding
goods [3]. However, neither of these models are a god@r every resource though this can be generalized to the case
fit for electronic technology. Resources such as bandwidiihere each agent is interested in only a subset of fthe
and processing share, though not infinitely divisible, aréesources. Let”, := 3= s} — sF. Then,s*, is a measure
offered in large quantities (Gb/s, MHz) that can be arbitrarily?f outside competition at resouré¢ewith respect to the-th
partitioned. To address this, we have studied a proportionalggent. We assume that each resource uses a proportionally
divisible auction of a single resource [8]-[11]. Proportionafair divisible auction [8]-[11] for its allocation rule. Thus the
allocation has been advocated for scheduling due to itsth agent receives a fraction
ease of implementation and many such systems have been
designed [7], [12], [13]. s¥
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of the k-th resource. The cost to theh agent is utility. Thus, an optimal bid would be one such that the
allocation would yield the same individual benefits from all

k
Ci = Z i () the resources:
k
k
which is the sum of all bids made by theth agent. In . L S R VEk.
; : i\ Gk 4 ok k i
the allocation rulec® > 0 denotes the bid made by the s 82, te

resource itself. This serves both mathematical and practicgl
purposes. Mathematically® > 0 prevents the denominator
from ever being zero in the allocation rule. Allowing a zero k_ 2 (i) (5%, + )
denominator becomes problematic if there is a single user Col=z2Fy) T
who wants to gain access to the resource. Practically, the re- L o1 i i )
source’s bid prevents collusive behavior where at equilibriuffNere 2’ (\;) = vi° ~(Ai) is the inverse of the valuation
the agents agree to scale down their bids by the same factffction. Thus, we have
thus maintaining the same allocation but at a lower cost. By o < ;¥(.) < 1,25(0) = O,zf/(-) S 0725/,(.) >0.
biddinge®, thek-th resource effectively sets a minimum price
for obtaining various levels of allocation. This is analogoud he functions{z(-)} represent the allocation level necessary
to setting a reservation price in an indivisible auction contex@it & particular resource to achieve a given benefit. We can

The agents are characterized by their valuation function80W express an agent's utility as a function of its benefit as
If v¥(z¥) denotes the benefit to theth agent from thek-th ~ follows:
resource if it were to receive an allocatiati, then thei-th 28\ ,
agent’s utility is i Ui(hi) =i =D #@(;)(Ski + ).

k AT
U, = min {u’? < 57 ) } _ Z sk (3) Wecanshow that the second derivative of the utilitywith
k ’ ’ ’ respect to benef; is well defined and negative. This implies

. that the marginal utility will decrease as the benefit increases.
SThe maximum utility is achieved when the marginal utility
% zero. If U/(0) < 0, then\; = 0 is the optimal benefit
and the agent responds by bidding zero for all the resources.
us, a necessary condition for positive bidding is:

benefit of \; would be achieved by the bids:

electronic resource settings. In a network bandwidth aucti
if an agent is trying to put together a connectionfoflinks
in series, where each link is auctioned separately, the val
of the connection to the broker agent will be the minimum . N
value of the bandwidth obtained among the links. In a ! & & 8T, +e
computational setting, the performance index could be the 1= Zzi O)(sZ +e) >0 = Z vk’(o)
time to computation which is limited simultaneously by the F oo

allocation of processing, memory, access to a database !brthe previous condition is not met, it implies that the
other resources relevant to the task at hand. The agenf®mand for the resources is too high for the agent to
valuations are assumed to be strictly increasing, concab@rticipate. The agent must either wait for the demand to
functions to represent the principle of diminishing returns. |subside or find alternate resources. For the previous condition

. . T €k
addition, an agent is not penalized for not obtaining acce$@ be satisfied, it is necessary that, 7o < 1. If the

to the resource. Thus we have previous condition is not met, it implies that the resources
X A Y B are inherently too expensive for the agent. The sellers have
v () > 0,07(0) = 0,07 (-) > 0,037 (-) < 0. valued their services at a level such that the agent cannot

In this allocation mechanism, thieth agent submits a bid Nave positive utility under any bid vector. The agent's only
vectors; = [s! --- sK]. Let \; be the benefit achieved by the Choice is to find alternate resources.

i-th agent delfined as follows: We note that the optimality conditions depend eh,.
Thus, our search for an equilibrium still occurs in bid-space
) : sk which is of cardinalityNV K. It would be desirable to be able
Ai = min § v; st ek [ to characterize equilibrium in benefit space as it is only of
cardinality N. To this end, lep* := 3", s¥ + €* be the sum
Let us assume that for some resoukge of all bids. Given a set of bids and an allocation, the cost per
i unit resource at resourdeis p* for all agents. Therefore, we
vf“ <571> >\ call p* theprice of the k-th resource. From this interpretation,
sp +sh; 4 e we have
. 7. . . sk sk -+ ek
Then, thei-th agent could reduce’ while not affecting pr = L= 1_27"
Zi — %

the achieved benefit yet reducing the cost yielding a higher



We can now rewrite the marginal utility as follows: A. Symmetric Agents with Asymmetric Valuations

k/
Ul(N)=1- Z L:‘i)p’“. We now consider the case where all agents have symmetric
PRl (Ai) valuation functions but the valuations across resources may
From our allocation rule we have be asymmetric, i.e.
K k 2R(\) = 2F(\) VE
— Tt pk 1= 2k ) This representation of a common value model could occur
’ in a computational setting such as users sharing a local
Substituting forp* in the marginal utility, we have network of computers. If their tasks are similar, the value
W N of processing and memory are identical across u_ser_agents
Ul(n)=1— Z z (Ai) ) € . (4) even though each resource effects performance in different
' —1—zF(\) 1= 28 (N) ways.

) o ] ] Proposition 1: In the MRPF auction game, if the agents
We can now define an equilibrium for this auction gam@ave symmetric valuations which may be asymmetric across
as a vector of benefitsh, -- - Ay] such thatlUj(A)) = 0 resources as denoted in (Ill-A), there is a unique equilibrium.

if i > 0 andUj(0) < 0 if Ai = 0. We will refer to  proof. We modify the equilibrium condition for theth user
the multiple resource auction game where the allocationg gptain:

are characterized by (1), the costs are characterized by (2) Ky &
and agents’ utilities are characterized by (3) as the MRPF 3 z (k i) € - — 1.
(Multiple Resource Proportionally Fair) auction. & 1—2FA) 1- Ej Z(Aj)

For a given candidate equilibrium solution we have a benefit

IIl. EXISTENCE AND UNIQUENESS OFEQUILIBRIUM .
vector \. Letting,

We now investigate whether an equilibrium solution exists pEN) = ——
and if so, the conditions under which that equilibrium is = ij ()
unique. Because the allocation by a particular agent is dive have
rectly affected by the bids of all the other agents, the utilities Zk’()\i) X
of all agents are coupled through each others’ actions. This Z T’“(/\) -pP(A) =1
nature of interaction invites game-theoretic analysis. Our k !

equilibrium concept is the Nash equilibrium [1]. We seekas the equilibrium condition for positive benefits. Given a
a vector of bids (or benefits) from which no agent willcandidate vectoh, if A; > A;, we have
choose to unilaterally deviate given that all other agents’

k/ k’/
bids (benefits) remain fixed. We can use a slight variation on 2" (M) =)y
Theorem 4.3 in Basar and Olsder [1] to show that the MRPF L—2F(N) © 1=28()
auction game yields a Nash equilibrium in pure strategies.which implies
Once existence of equilibria has been established, we () ()
investigate whether a unique equilibrium exists. A unique 1= Z 7k2pk()\) > Z —kjpk()\) =1
equilibrium is desirable because it reduces uncertainty and PR (A1) P (A7)

simplifies the agents’ decision process. If the equilibrium igvhich is a contradiction. As in the totally symmetric case,
reached, an agent need not question whether an alterngt§y equilibrium benefit vector must be of the fobm= al y.
market clearing would have yielded a higher utility. Fur-Considering\ = aly,\ = bly,a > b, we havep®(a) >

thermore, if the equilibrium was reached through a dynamig” (p) vk, which along with the properties af'(-) imply that
process, there is no incentive to drive the negotiation to a / &/ )
z

k
particular state. This reduces complexity of strategies that; _ 2" (a) pFa) > k) =1
an agent needs to consider and this is generally considered ; 1—2%(a) ; 1—2%(a)

to be a beneficial trait of an auction. It has been speculategd. 1, is a contradiction Again, we must consider the pos-
that the relative simplicity of th,e ascendirjg (English) auCtic?r%ibility that at equilibrium a strict subset of the agents may
as compared to the theoretically equivalent second-prige,;e”,ero henefit. Lef denote the subset of agents with

sealed bid auction accounts for the significant preference %ro benefit. Then, the equilibrium condition for agentd in
the former over the latter. Uniqueness for a general Casﬁelds

which simulations seem to verify, has not yet been proven ,
analytically. Thus, we investigate agent populations with > 20t =1
various symmetries. k



From the equilibrium condition for agents i, we have  has a unique solutiog* € (0, c0) as the RHS of the previous
p equation is strictly increasing and goes to infinity and

k
2 (N) g &’ k K k fy* / h
1= STk S ST 00 > M 0)pF > 1 225 %(4(0)) = 1> 0.1y < #4(0), then
e AL DECUTIED DR USRS
k k k k k
o o ) ) (0 k€ S o k€
which is a contradiction. For this case, we also have a unlquezz‘( )1 - (N T L. Sz ()
e . 7 I\ VAN
equilibrium solution.l

If the agents are ordered such that

B. Asymmetric Agents with Symmetric Valuations , , ,
21(0) < 2(0) < --- < 2y(0),

In the previous cases, the equilibrium solutions were
composed of symmetric benefits and hence, symmetric bitlen, we have a separation between active and inactive agents
across agents. To see if uniqueness holds in cases where akgollows:
equilibrium solutions are not necessarily symmetric across,

/ .
agents we investigate the case where y* €10,2(0)] No .aCt'Vl? agents
k y* € (21(0), 25(0)] {1} is active
(i) = zi(A) VE- y* € {1,2} are active

{1,...,N — 1} are active
All agents are active

2y -1(0), 25 (0)]
2y (0), 00)

This occurs when there is a certain qualitative homogeneity™ €
among the resources being allocated. An example of thi§* c
would be a network bandwidth auction whefé links in

series are being allocated separately Ahdroker agents are
attempting to obtain a connection across the links. Becaulfethe i-th agent is active, theh! = X;(y*). Thus, given any
all the resources in contention are bandwidth and the finakt of valuation functions, we obtain a uniqug and from
valuation is based only on the size of the connection, thg* we obtain a unique benefit vectar which implies that
agent’s performance is determined by the minimum level affe have a unique equilibrium solutioll

allocation across resources, i.e.

/\izvi(min{x},-~-,xf{>. , — . -
k Given that an equilibrium exists for a market mechanism,

Each agent has a different valuation for the allocation du@? immediate question is how one arrives at that state. If we
to heterogeneity in the application being catered to or th¥€re operating in acentrgllzed regime where the large signal-
wealth of the consumer base to whom the broker agents dR§ COSts, large computational loads and wholesale preference
selling the connection. However, the valuations are identic&gvelation were not issues, agents could submit curves that
across the resources. characterize their valuations or optimal responses to a central
Proposition 2: In the MRPF auction game, if the ag(_}ntsauthority (the seller, for example) and have that authority

have asymmetric valuations which are symmetric acrog&iculate and enforce the equilibrium point. However, we

resources as denoted in (Il1-B), there is a unique equilibriunfPPly an auction mechanism with the idea that allocations

Proof. The equilibrium condition for theé-th agent is (and consequently equilibrium) are the responsibility of the
agent and thus, we investigate iterative negotiation schemes

U R AR

(z1(

(25(0), 23(0)]
(

(

IV. FIXED PRICE ITERATION

w'N) e 1 based on feedback.
L=z (N) 1=3252(7) o In our model, a natural quantity to be fed back is the price
) , of each resourcg”. We consider a scheme where agents alter
Giveny € (2;(0), o), their bids assuming that the price of the resource will remain
2 (\g) the same at the next stage. At equilibrium, we have
1—z(\) 5 AN e v
has a unique solution ih; because the LHS of the previous 1- zf()@‘)p T

equation is strictly increasing in; and y is in its range

space. Obtaining solutions for ajle (2/(0), ), we obtain Given price feedback™ = [p™ .. -pK(")] at stagen, the
the function);(y) which is a strictly increasing function of ;-th agent calculates a beneﬁi") (p(™) from
y. Let X\;(y) = 0 for y € [0, 2/(0)]. Then, we have that —

/ n
>-;%(Aj(y)) is strictly decreasing iy on (min; z;(0), co) zf (/\E )) pk(”) -1 (5)
and equal to one of9, min; 2/(0)]. Then, 1 — 2k (A\™)
1-— sz()\j(y)) = yZe"’ This yields a unique solution™ := A" (p(™) as the
J k LHS of (5) is a strictly increasing function oi\l(.”). If



> zf/(O)pk(n) > 1, then A\ = 0. Bids at stagen + 1  Outline of Proof. The basic idea is that as a system is

are obtained from more relaxed (i.ea — 0), each eigenvalue moves closer
&(n+1) k() k(1) to the point(1,0) on the complex plane along the trajectory
% =z AP created by the line segment betwe@in(0) and the value
Summing over agents, we have of the original eigenvalue. If the real part of the original
L (nt1) ko (m)y k() eigenvalue is greater than or equal to one, the line segment
p = Zzz (Np will remain outside the unit disk. Furthermore, if the real part
i of the original eigenvalue is less than one, then there exists
which characterizes the evolution of prices. Taking partiasdome o for each original eigenvalue such thét < aq,
derivatives with respect tpl("), we have the corresponding eigenvalue of the relaxed system will be

NG inside the unit disk. Thus, we can choessufficiently small
sz/(/\z(-n)) z’(n) pk-(") . Z sz(/\l(_n)). such that all eigenvalues of the relaxed system lie inside the
op! ; unit disk. B

apk' (n+1)
(c)pl(”)

_ / _ _ ) _ /() We now investigate whether the fixed point iteration
Treating (5) as an identity with; a-"z ? function o™, scheme is relaxable when applied to the MRPF auction game.
and taking partial derivatives w.r.p!'""’, we can obtain. We consider the symmetric agent/ asymmetric resource val-

N Consequently, we can represent the price iteratiostion case described in Section lll-A and the asymmetric

ggl(:(g)t;ian as follows: agent / symmetric resource valuation case described in Sec-
A tion III-B.
J=-P> yy/ = +D Proposition 4: The fixed point iteration scheme is relax-
K Ci able for the MRPF auction, when agents have symmetric
K K\ K \x 2 valuations which are not necessarily symmetric across re-
Wherec~:Z we |z (A) z (A)) r
i D T 200 =20 , sources.
k=1 A Zi (A Proof. We havez! = z¥,vi, j which implies that
I %\
2 (M) Ai=A;=A c=c=c¢ yi=yj=y Vi, j
Yi= ; »Ai = Diag <if(>\*)> ’ The Jacobian can then be expressed as
2K\ L
i ) 1 N
N _ J:——PZnyA—l—D:_(_) PyyT A+ D.
P = Diag (pa ) , D = Diag (Z zf(Af)) ¢ = c

The matrix J is symmetrizable J"M = MJ) with the
where Diagd(j)) denotes a matrix where only the diagonaimatrix M = AP~'. Hence, the eigenvalues of are real.
terms are nonzero and theth diagonal term isi(j). If the  Letting vy = —N/c, A be a candidate eigenvalue amdbe
eigenvalues of/ are inside the unit disk, the fixed price the corresponding eigenvector. We have

iteration scheme converges locally to a Nash equilibrium. T T .
J=—yPyy" A+ D = Jx=—-yPy(y Az)+ Dz = \z.

V. RELAXABILITY - _
We note that all components ¢f A are positive. Ifd;, is the

Simulations of the fixed price iteration scheme show that {f'th diagonal component db and.z;; is thek-th component
S : of z, we have

does not always converge to a stable equilibrium. This occurs

when agents repeatedly "overreact” to market conditions. —fypk*zk/(yTAJ;) = (5\_ dp)xy.

This phenomenon is also found in the single resource pro- . .

portionally fair auction [8], [9], [11]. One possible solution is!f ¥~ Az > 0, then A > maxy dy = 2, < 0 VE =

relaxationwhere an agent uses the following iteration schem# 4z < 0, which is a contradiction. Iy Az < 0, then
A > maxpd, = xr > 0VE = y'Azx > 0 which

aff(s™) + (1 - a)st™ is a contradiction. Thus, any viablg@ must satisfy\ <
maxy, dy = maxy Y, 2F < 1. Applying Proposition 3, we
have that the iteration scheme is relaxalllie.

Proposition 5: The fixed point iteration scheme is relax-
able for the MRPF auction, when agents have asymmetric

si_g(nJrl) _
wherea € (0,1) and fF(s™) is the projected bid from the
unrelaxed scheme. We call an iteration schemiaxableif
there exists anv € (0,1) such that the eigenvalues of the
:_Tlaxzd Jacokblad :f O“?r (1b'_ g).l ar? msgfe’)the unit disk. valuations which are symmetric across resources.
ow do we know It a Jacobiad 1S relaxable: Proof. We havez! = 2! vk, 1 which implies
Proposition 3: For an iteration scheme to be relaxable,
it is necessary and sufficient that all eigenvalues of the yi = g, A= L
unrelaxed Jacobiad have real parts less than one. ’ 11—z

I.



The Jacobian can then be expressed as

/

z; 1
—Pzzglmﬁl " —I+D

— % G

J

,pz %1K1£+D
3 Ci(l —Zi)

—yPlgly + D

where v = 7, (E‘i_)i) > 0. By symmetry, s
s Yk, 1 = p*" = p!" VEk,1. Thus,.J is a symmetric matrix

[1]

[2]

3]

[4]

and its eigenvalues are real. Even if the prices were not

identical, the matrix is symmetrizable wiftf = P~1. If \is
a candidate eigenvalue ands the corresponding eigenvalue,
we have

P + dyry = Ay

wherez = ), x; andd;, is the k-th diagonal term ofD.
This can be rewritten as

—vp T = (A = di) .

If >0, then\ > maxydp = 2, <O0Vk = z<O0.If
T <0, ther1>\ >maxgdy, = x> 0Vk = >0. Thus,
any viableA must satisfy\ < maxy, dy, = max; Y, 28 < 1.

[5]

[6] J. K. MacKie-Mason and H. R. Varian.

[7]

[8]

[9]

Applying Proposition 3, we have that the iteration scheme is

relaxable.ll

VI. SUMMARY AND FUTURE WORK

[10]

In this paper, we have analyzed a multiple resource ex-

tension of a proportionally fair divisible auction. Though
agents’ utilities have complementarities across allocatiorngq

from independently auctioned resources, we have shown that

equilibria exist. Furthermore, a unique equilibrium have been
proven to exist under various conditions of symmetry in
the valuations of the agent population. In divisible auctionsi,lz

resolutions after a single exchange of information cannot
be achieved without large overhead. Thus, we introduced a

negotiation algorithm that converges locally when sufficiently

relaxed. Simulations have shown that uniqueness of the Nash

equilibrium and local convergence of the relaxed iterative
scheme hold for general agent populations not discussed i
the paper. Analytical verification of this is an area of future
research as is the investigation of alternate forms of utility

complementarity.
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