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Abstract

In today’s landscape of distributed and autonomous
computing, there is a challenge to construct mechanisms
which can induce selfish agents to act in a way that sat-
isfies a global goal. In the domain for the allocation of
computational andnetwork resources, proportionally fair
schemes are commonly advocated. In this paper, we in-
vestigate the efficiency of the resulting equilibria in such
systems. We then develop a method of generating an en-
tire class of divisible auctions with minimal signaling and
computation costs which maximize social welfare even
though agents act solely to optimize their own utility.

1. Introduction

The development of the Internet and software agent
technology has created a world of distributed sys-
tems composed of autonomous entities. However, these
agents still interact and compete for scarce resources.
Designers and managers of these systems often aim to
satisfy certain global performance metrics which leads
to the task of devising mechanisms that yield desired
behavior from agents trying to optimize individual util-
ities.

We consider the domain of network and computa-
tional resources. Divisible auctions serve as a useful
paradigm for transparent allocation of these services.
In the realm of bandwidth allocation, economic model-
ing of packet transmission has been advocated [3] and
proportional fairness [2] has been developed as notion
for the basis of socially optimal networks. Proportional
allocation schemes also have been proposed for decen-
tralized processor scheduling [1, 7].
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Unfortunately, these systems do not lead to efficient
use of resources. In this paper, using social welfare as
a metric, we analyze a subset of the space of divisi-
ble auctions generated as an expansion around propor-
tionally fair systems with linear weights to see if the
proposed systems are at local optima. This analysis
leads to insight that allows us to find a class of mech-
anisms that can motivate selfish agents to produce an
equilibrium state which is maximally efficient. Further-
more, these systems have the minimum signaling load
(single-dimensional messages) and minimum computa-
tion requirement for allocation at the resource (O(N)).

The paper is organized as follows. In Section 2, we
present the models of the spaces we are working in and
obtain equilibrium properties to choose an appropriate
subset of allocation rules to consider. In Section 3, we
investigate the efficiency of mechanisms within this set.
In Section 4, we engineer a method to determine cost
rules which maximize social welfare for selfish agents.
In Section 5, we present some concluding thoughts and
areas for future work.

2. Generalized Models and Equilibrium

Auction mechanisms are characterized by an alloca-
tion rule x(s) and a cost rule c(s), where s = [s1 · · · sN ]
represents the signals from a population of N agents
and xi(s) and ci(s) are respectively the allocation and
cost to the ith agent. We work in the signaling space
where si ∈ IR and si ≥ 0. One subset of the space
of auction mechanisms is the collection of those that
can be characterized by the following allocation rule:
xi(s) = wi(s)/

(∑N
j=1 wj(s) + ε

)
where ε is a param-

eter controlled by the resource. Signals are translated
to weights, denoted by the functions {wi(·)}N

i=1, which
determine the proportions of the allocation. We begin
our analysis with the case for which wi(s) = w(si) and



ci(s) = c(si). These restrictions incorporate the notion
of fairness where each agent is given the same weight
and pays the same cost as any other agent who makes
the same signal. It also removes the coupling of the
signals away from the weight and cost functions and
isolates the interaction in the allocation rule. We as-
sume that the weights and costs are strictly increas-
ing functions of their arguments. We also assume that
a signal of zero will yield a weight and cost of zero
as well. We consider this class of rules to be a reason-
able and tractable initial expansion around the propor-
tionally fair auction which is the “point” in mechanism
space characterized by w(si) = si and c(si) = si. It can
be shown that we do not need to express both w(si)
and c(si). By making the substitutions ti = c(si) and
w̃(ti) := w(c−1(ti)) (c is invertible if it is monotonically
increasing), we can express this class of mechanisms
with the rules xi(t) = w̃(ti)/

(∑N
j=1 w̃(tj) + ε

)
and

ci(t) = ti. With similar substitutions, we can equiv-
alently express this class with the rules

xi(s) =
si∑N

j=1 sj + ε
ci(s) = c(si). (1)

We choose to work with the characterization described
in (1) where c(si) ∈ C2 is a twice differentiable in-
creasing function of si. We model the agents with
quasilinear utility functions Ui(s) = vi(xi(s)) − ci(s)
where vi is a twice differentiable concave increasing
function (v′i(·) > 0, v′′i (·) ≤ 0). We have the deriva-
tives U ′

i(s) = v′i(xi(s))x′i(s) − c′(si) and U ′′
i (s) =

v′′i (xi(s))[x′i(s)]
2+v′i(xi(s))x′′i (s)−c′′(si) where x′i(s) =

(s−i + ε) /((si + s−i + ε)2 > 0, and x′′i (s) = −2(s−i +
ε)/(si + s−i + ε)3 < 0. If c′′i (si) ≥ 0, then we have
U ′′

i (s) < 0. The strict concavity of the ith agent’s util-
ity implies that it will have a unique optimal response
to each opponent state s−i + ε. For the optimal re-
sponse to be nonzero, we need the marginal utility
when bidding zero to be positive. This occurs when
v′i(0)/(s−i + ε) − c′i(0) > 0 ⇒ v′i(0)/c′i(0) > s−i + ε.
The ith agent’s response can then be determined from

v′i

(
si

si + s−i + ε

)
s−i + ε

(si + s−i + ε)2
− c′(si) = 0 (2)

which yields the unique optimal si when facing s−i + ε.
Let us define the term power, denoted by p, to be

the sum of signals, p :=
∑

j sj + ε. The power, p, serves
as a measure of demand for the resource and allows
us to characterize agents’ optimal responses with re-
spect to a parameter which is identical for all agents
at equilibrium. Let us call this characterization a de-
mand function, d(p), which captures an agent’s allo-
cation as a function of power when it uses the strat-
egy obtained from (2). Thus, the demand function

captures that si = d(p)p is the optimal response to
s−i + ε = d(p)(1− p). We now investigate the effects if
c′′(si) < 0.

Proposition 1 If the cost function is concave, then
there exists a valuation function for which the optimal
response is not unique.

Proof. By making the substitutions p =
∑

j sj + ε and
xi = si/(

∑
j sj + ε) into (2), we can express the first

order necessary condition for the optimal response as
v′(x) = pc′(px)/(1 − x) =: f(x|p). The derivative of
the RHS of the previous equation, f(x|p), as a func-
tion of allocation x is

[
(1− x)p2c′′(px) + pc′(px)

]
/(1−

x)2. The sign of f ′(x|p) is determined by the quan-
tity c′′(px) + c′(px)/(p(1 − x)). If c′′(s) < 0, then
c′′(s) < −δ, ∀s ∈ [s1, s2], for some δ > 0 suffi-
ciently small and some s1, s2 > 0. Then, c′′(px) +
c′(px)/(p(1 − x)) < −δ + c′(ŝ)/(p − s2) < 0 for p suf-
ficiently large, where ŝ = arg maxs∈[s1,s2] c

′(s). Specif-
ically, if p > c′(ŝ)/δ + s2, we know that f(x|p) is de-
creasing on x ∈ [s1/p, s2/p]. Clearly, there are many
functions v with v′′(·) < 0, where v′(x) will inter-
sect f(x|p) more than once, which implies that there
is more than one extremal point. One can construct a
variety of valuation functions where there are multi-
ple optimal responses. For p sufficiently large, let v′(x)
be a decreasing function on the interval [0, s1/p], where
v′(s1/p) = f(s1/p |p), and a decreasing function on the
interval [s2/p, 1], where v′(s2/p) = f(s2/p |p). Then,
if v′(x) = f ′(x|p) + α sin(2πk(px − s1)/(s2 − s1)) on
[s1/p, s2/p] and α is sufficiently small to ensure that
v′(x) is decreasing, we can have an arbitrary num-
ber of extremal points by choosing k appropriately. A
graphical representation of multiple optimal responses
is shown in Figure 1. �

We restrict our analysis to allocation mechanisms
described by (1) where the cost function c(si) is con-
vex. We denote this class of mechanisms by C. The in-
tuition behind convex cost functions is that agents who
receive larger allocations (due to greater signals) pay a
higher cost per unit resource obtained. These occur for
strictly convex cost functions and are classified as dis-
criminatory price auctions. Mechanisms in C with lin-
ear cost functions such as the proportionally fair auc-
tion are uniform price auctions. For games played by
agents attempting to gain access using a resource allo-
cated through a mechanism from C, it is important to
know whether we can obtain a unique operating point,
i.e., a unique Nash equilibrium.

Proposition 2 For every mechanism in C, there is a
unique Nash equilibrium.

Proof. Making the substitutions p =
∑

j sj + ε and
xi = si/(

∑
j sj + ε) into (2), we can express the first
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Figure 1. Graphical Representation of Multiple
Extremal Points for Mechanisms with Concave
Cost Functions

order necessary condition for the optimal response as

v′i(xi)(1− xi) = pc′i(pxi) . (3)

Every pair (p, xi) that satisfies the previous equation
represents an optimal state for the ith agent. We can in-
terpret these states as demand functions (where xi is
a function of p). By treating the previous equation as
an identity, we obtain [v′′i (xi)(1− xi)− v′i(xi)] ∂xi

∂p =

c′i(pxi) + pc′′i (pxi)
[
xi + p∂xi

∂p

]
which implies ∂xi

∂p =
c′i(pxi)+pxic

′′
i (pxi)

v′′i (xi)(1−xi)−v′i(xi)−p2c′′i (pxi)
. Because c′′(si) ≥ 0 for all

mechanisms in C, and the valuations are increasing con-
cave functions, we have that ∂xi/∂p < 0. This implies
that the demand functions {di(p)}N

i=1 which charac-
terize the optimal responses of agents are decreasing,
where di(p) := xi(p) is obtained from the unique value
of xi which solves (3) for a particular p. We note that
di(0) = 1 ∀i. Following the reasoning in [4, 6], since all
agents are characterized by decreasing demand func-
tions, the total demand will be a decreasing function.
The Nash equilibrium point is defined by total demand
being one which occurs at only one level of demand p∗.
Thus, there is a unique Nash equilibrium with signals
si = di(p∗)p∗.�

Given that we have a class of auctions that yield the
desirable property of a unique Nash equilibrium, a nat-
ural question is how we go about choosing a mechanism
within C. In the next sections, we consider this ques-
tion with social welfare maximization as a metric.

3. Efficiency in C

A common performance measure is the efficiency of
the system. Whether allocating bandwidth or process-
ing share, it is desirable to have the resource parti-
tioned in a way that yields the greatest benefit to those
accessing it. In economic terms, efficiency is also re-
ferred to as the social welfare of those participating
in the allocation process. Social welfare is the sum of
the valuations of allocations to all agents receiving ser-
vice, i.e.,

∑N
i=1 vi(xi) where vi(xi) are increasing con-

cave functions. Given a scarce resource, the optimal
allocations are obtained from the solution of the opti-
mization problem x∗ = arg maxx∈X

∑N
i=1 vi(xi) where

X = {x : xi ≥ 0,
∑N

i=1 xi = 1} which can be found
by maximizing the Lagrangian L =

∑N
i=1 vi(xi) +

λ
(
1−

∑N
i=1 xi

)
+

∑N
i=1 µixi. This is a classical opti-

mization problem whose solution is discussed in [5]. Es-
sentially, an optimal solution is an allocation of the en-
tire available resource where the marginal valuations
for agents with positive allocations are all equal. The
value of the marginal valuations is the Lagrange multi-
plier. Agents that do not receive positive allocations are
those whose highest marginal valuations are less than
the value of the Lagrange multiplier. Mathematically,
the optimal allocations are characterized as follows:
xi > 0 ⇔ v′i(xi) = λ, xi = 0 ⇔ v′i(0) ≤ λ where λ

is chosen such that
∑

i:xi>0 xi =
∑

i:xi>0 v′i
−1(λ) = 1

where v′i
−1(λ) is the inverse of the ith agent’s valua-

tion function. The intuition behind the solution is as
follows. Given an allocation, if one agent (say the ith

agent) has a higher marginal valuation than another
(say the jth agent), the social welfare can be improved
by marginally increasing xi and marginally decreasing
xj . Thus, in an optimal allocation, all active agents
should have identical marginal valuations.

Because the systems we are considering (network re-
sources on the Internet, computational resources for
software agents, etc.) involve autonomous deci-
sion making entities, we need to devise distributed
methods to reach optimal allocations. Even if a cen-
tral authority had the responsibility to partition
the resource, it is doubtful that it would have ac-
cess to the private valuation functions of all the agents.
In this section, we investigate the effectiveness of mar-
ket mechanisms in achieving efficient allocations. We
begin with the class of mechanisms in C and show
that linear cost functions outperform strictly con-
vex cost functions with respect to social welfare.
We then expand our rule space beyond C to de-
vise maximum efficiency divisible auctions. We also
assume that ε = 0 (i.e., the entire resource is allo-



cated) for mathematical and notational simplicity.
Extensions to the case where ε > 0 are straightfor-
ward.

Proposition 3 Within the class of mechanisms in C,
social welfare is maximized when the cost functions are
linear.

Proof. The allocation for the ith agent is determined
by v′i(xi) = pc′(pxi)/(1 − xi) =: f(p, xi). We have
c′′(·) ≥ 0 for all cost functions in C, which implies
that f(p, x1) > f(p, x2) if x1 > x2 for all p > 0.
If v′i(0) ≤ f(p, 0), then the ith agent will not receive
a positive allocation at power level p. Otherwise, the
ith agent will receive a unique positive allocation xi(p)
which is the solution of v′i(xi) = f(p, xi). The unique-
ness is because v′i is a decreasing function of xi and
f is a strictly increasing function of xi. We also have
f(p1, x) > f(p2, x) if p1 > p2 for all x ∈ (0, 1). This im-
plies that xi(p1) < xi(p2) if p1 > p2. Given any cost
function c(s), we can find the equilibrium power level
p by solving

∑
i xi(p) = 1, from which we can obtain

the equilibrium allocations {xi(p)}.
For a linear cost function c(s) = ks, we have

f(p, xi) = pk/(1 − xi). We note that every linear cost
function yields the same allocations to participating
agents, though the equilibrium power level might dif-
fer. Let us assume that for c(s) = k1s, the equilibrium
power level is p1. Then, if c(s) = k2s, p2 = p1k1/k2 sat-
isfies all the conditions for equilibrium with the same
allocations as the case with c(s) = k1s. Alternatively,
we can let p̃ = pk, and obtain xi(p̃) from the equa-
tions v′i(xi) = p̃/(1 − xi) =: f̃(p̃, xi). The equilibrium
allocations for all linear cost functions {xi(p̃∗)} can
be expressed in terms of p̃∗, which is the solution to∑

i xi(p̃) = 1.
Let us now consider a strictly convex cost function

c(s). Let us assume that for some x̂ and p̂, we have
p̂c′(p̂x̂)/(1 − x̂) = p̃∗/(1 − x̂) ⇒ p̂c′(p̂x̂) = p̃∗. Be-
cause c′′(·) > 0, we have ∀x > x̂, p̂c′(p̂x)/(1 − x) >
p̂c′(p̂x̂)/(1 − x) = p̃∗/(1 − x) and ∀x < x̂, we have
p̂c′(p̂x)/(1 − x) > p̂c′(p̂x̂)/(1 − x) = p̃∗/(1 − x) What
we have shown is that if fc(p, x) := pc′(px)/(1 − x)
(obtained from a strictly convex function) intersects
f̃(p̃, x) at some point x̂, then fc will be larger than f̃
for x > x̂ and fc will be less than f̃ for x < x̂. This is il-
lustrated in Figure 2.

Let us now assume that we have an arbitrary het-
erogeneous agent population. Let xc

i (p) be obtained
from the solution of v′i(xi) = fc(p, xi) and x̃i be ob-
tained from the solution of v′i(xi) = f̃(p̃∗, xi). Let
xmin := min{x̃i : x̃i > 0} be the smallest positive allo-
cation and xmax := max{x̃i} be the largest allocation
under a linear cost function. Since we are comparing
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Figure 2. Illustration of f̃ and fc Along with
Marginal Valuations for Four Agents

the performance over all agent populations, we consider
one for which xmin < xmax. If pmin is the power level at
which fc(pmin, xmin) = pminc′(pminxmin)/(1 − xmin) =
p̃∗/(1− xmin) = f̃(p̃∗, xmin) then fc(pmin, x) > f̃(p̃∗, x)
for all x > xmin, and

∑
i xc

i (pmin) <
∑

i x̃i = 1.
Similarly, if pmax is the power level at which
fc(pmax, xmax) = pmaxc

′(pmaxxmax)/(1 − xmax) =
p̃∗/(1−xmax) = f̃(p̃∗, xmax) then fc(pmax, x) < f̃(p̃∗, x)
for all x < xmax, and

∑
i xc

i (pmax) >
∑

i x̃i = 1.
This implies that the power level p̂ for

which
∑

i xc
i (p̂) = 1 must lie strictly between

pmin and pmax. Furthermore, fc(p̂, x) intersects
f̃(p̃∗, x) at a point x̂ ∈ (xmin, xmax). For x > x̂,
fc(p̂, x) > f̃(p̃∗, x) ⇒ x̃i > xc

i (p̂) > x̂. For x < x̂,
fc(p̂, x) < f̃(p̃∗, x) ⇒ x̃i < xc

i (p̂) < x̂. If ∆SW is
the difference in social welfare between the alloca-
tions for a linear cost function (x̃) and the allocations
for a strictly convex cost function (xc(p̂)), we have
∆SW =

∑
i vi(x̃i)−

∑
i vi(xc

i (p̂)) =
∑

i

∫ x̃i

0
v′i(x) dx−∑

i

∫ xc
i (p̂)

0
v′i(x) dx =

∑
i:x̃i>x̂

∫ x̃i

xc
i (p̂)

v′i(x) dx −∑
i:x̃i<x̂

∫ xc
i (p̂)

x̃i
v′i(x) dx. If x+ := min{x̃i : x̃i > x̂}

and x− := max{x̃i : x̃i < x̂}, then ∆SW >∑
i:x̃i>x̂

∫ x̃i

xc
i (p̂)

p̃∗

1−x+ dx −
∑

i:x̃i<x̂

∫ xc
i (p̂)

x̃i

p̃∗

1−x− dx =
p̃∗

1−x+

∑
i:x̃i>x̂[x̃i − xc

i (p̂)] − p̃∗

1−x−

∑
i:x̃i<x̂[xc

i (p̂) − x̃i].
Since the sums of allocations in both cases
are one, we have

∑
i:x̃i>x̂[x̃i − xc

i (p̂)] =[∑
i:x̃i>x̂ x̃i

]
− 1 + 1 −

[∑
i:x̃i>x̂ xc

i (p̂)
]

=[∑
i:x̃i>x̂ x̃i

]
− [

∑
i x̃i]+ [

∑
i xc

i (p̂)]−
[∑

i:x̃i>x̂ xc
i (p̂)

]
=∑

i:x̃i<x̂[xc
i (p̂) − x̃i] =: α > 0. Incorporating this



into the bound on social welfare difference, we have
∆SW > αp̃∗ [1/(1− x+)− 1/(1− x−)] > 0. �

The optimality of linear cost functions (including
the proportionally fair auction) among mechanisms in
C gives credence to their use in addition to their prac-
tical benefits (ease of implementation, etc.). However,
we still are unable to reach optimal efficiency by limit-
ing ourselves to this class of allocation and cost rules.

Corollary 1 There is no mechanism in C which opti-
mally maximizes social welfare for all agent populations.

Proof. We consider the case of two agents with valua-
tion functions such that v′1(x) > v′2(x) for all x ∈ [0, 1].
We consider a mechanism with a linear cost function
as it yields the optimal efficiency among all cost func-
tions in C. The allocation for Agent 1 is obtained from
the solution to v′1(x1) = p/(1 − x1) for some p > 0.
This implies that x1 < 1, which in turns implies that
x2 > 0. Since both agents are active, their marginal val-
uation functions must intersect p/(1 − x), which is an
increasing function of x. This implies that the agents’
marginal valuations are not equal at equilibrium un-
less x1 = x2 = 1/2, and that cannot occur because
v′1(1/2) > v′2(1/2). Since both agents are active and
their marginal valuations are not equal, the social wel-
fare can be improved and thus the mechanism is not
optimal. �

4. Designing Maximum Efficiency
Divisible Auctions

The intuition behind why mechanisms in C cannot
be optimally efficient lies in the equilibrium condition
v′i(xi) = pc′(px)/(1− x) =: f(p, x). Here, f(p, x) plays
the role of the Lagrange multiplier. For cost functions
that are convex, f(p, x) is an increasing function of x.
For optimality we need a cost function that would yield
a function f(p, x) which was independent of x. This
would make f(p, x) = g(p) “flat” across x ∈ [0, 1] and
the marginal valuation functions of all active agents
would intersect f at the same value. We refer to g(p) as
the generator function. The generator function serves
the purpose of the Lagrange multiplier in the social wel-
fare maximization problem. Thus, if we are to use this
generator function to obtain a maximum efficiency cost
function for all agent populations, it must be able to
span all viable values that a Lagrange multiplier might
take, i.e., all nonnegative real numbers. Furthermore,
we need the generator function to be one-to-one. Oth-
erwise, an agent population whose optimal allocations
occur at a particular Lagrange multiplier value could
be reached at two different power levels, which indi-
cates multiple equilibria. We now show that by using

an appropriate generator function, we can construct
cost functions that yield an equilibrium at which ac-
tive agents have the same marginal valuation for their
allocations.

Proposition 4 Let g(p) be a one-to-one function whose
range space is the set of all nonnegative real numbers.
Consider the mechanism xi(s) = si/(si + s−i), ci(s) =
s−i

∫ si

0
g(t+ s−i)/(t+ s−i)2dt where s−i =

∑
j 6=i sj + ε.

For an arbitrary agent population, any equilibrium un-
der this mechanism will yield a solution where all active
agents have the same marginal valuation.

Proof. First, we explain the construction of the cost
function. If we set the marginal valuation to be equiv-
alent to the generator function, we have v′i(xi) =
pc′(pxi)/(1−xi) = g(p) ⇒ c′(pxi) = g(p)(1−xi)/p =
g(p)[p(1 − xi)]/p2. At equilibrium, we have px = si,
p(1−x) = s−i, and p = si+s−i. We realize that we can-
not express the marginal cost solely as a function of si.
However, we can express it as a function of si and s−i as
follows: c′i(si; s−i) = g(si+s−i)s−i/(si+s−i)2. If we as-
sume that this expression for marginal cost holds for all
equilibrium solutions, we can integrate over si to ob-
tain

ci(s) = c(si; s−i) = s−i

∫ si

0

g(t + s−i)
(t + s−i)2

dt.

We now verify that this yields equal marginal val-
uations at equilibrium for active agents by an-
alyzing agents’ optimal responses. If an agent
with utility Ui(s) = vi(xi(s)) − ci(s) has a pos-
itive allocation at equilibrium, its optimal sig-
nal is an extremal point obtained as a solution of
U ′

i(s) = v′i (si/(si + s−i)) s−i/(si + s−i)2 = c′(si; s−i).
Substituting the marginal cost , we have
v′i (si/(si + s−i)) s−i/(si +s−i)2 = g(si +s−i)s−i/(si +
s−i)2 ⇒ v′i (si/(si + s−i)) = g(si + s−i) = g(p).
Thus, the marginal valuations of active agents for any
set of bids that form an equilibrium solution are iden-
tical. In fact, the value of the marginal valuations
is the output of the generator function at the equi-
librium power level. Furthermore, for any inactive
agent at equilibrium, we have v′i(0) ≤ s−ic

′(0; s−i) =
s2
−ig(0 + s−i)/(0 + s−i)2 = g(s−i) = g(p) which meets

our conditions for a solution to the social welfare max-
imization problem. �

We note that the key to these mechanisms is the si

factor in the cost functions as it cancels the s−i that ap-
pears when we take the partial derivative of vi(xi(s))
with respect to si. In essence, by making agents ac-
count for increased demand in their costs as well as
the allocation, we are able to achieve maximum effi-
ciency. In the following examples, we obtain cost func-
tions associated with various generator functions.



Example 1 We obtain the cost function gener-
ated by g(p) = p: c(si; s−i) = s−i

∫ si

0
1/(t + s−i) dt =

s−i [log(si + s−i)− log(s−i)] = s−i log (1 + si/s−i) �

Example 2 We obtain the cost function generated by
g(p) = pk where k > 0, k 6= 1: ci(s) = s−i

∫ si

0
(si +

s−i)k−2 dt = (s−i/k − 1)
[
(si + s−i)k−1 − sk−1

−i

]
�

Example 3 We obtain the cost function gener-
ated by g(p) = p2ep: ci(s) = s−i

∫ si

0
esi+s−i dt =

s−i [esi+s−i − es−i ] = s−ie
s−i (esi − 1) �

We see that we can generate a diverse set of cost
functions that yield equal marginal valuations at equi-
librium. We have cost functions that are both concave
(Example 1) and convex (Example 3) in the agents’ sig-
nals. All cost functions yield a cost of zero if the agent
bids zero. The cost function with the simplest and most
intuitive form may be that generated by g(p) = p2,
which yields c(s) = sis−i. This states that an agent’s
cost depends linearly on both its own signal and the
sum of signals of all other agents.

To this point, we have neglected to analyze the ef-
fect of the cost function on equilibrium. We know that
if an equilibrium exists, it will maximize social wel-
fare. The question that follows is what generator func-
tions yield cost functions that lead to the existence of
a unique equilibrium.

Proposition 5 Let g(p) be a one-to-one function whose
range space is the set of all non-negative real numbers.
Furthermore, let g′(p) exist and be positive for all p ≥ 0.
Then, the mechanism using the cost function generated
by g(p) yields a unique equilibrium.

Proof. We show this by obtaining demand functions
and showing that they are decreasing functions of
power level. We already know that v′(x) = g(p) at equi-
librium. Taking this as an identity, we have v′′(x)∂x

∂p =
g′(p) ⇒ ∂x

∂p = g′(p)/v′′(x) < 0 for all concave val-
uation functions. Since the demand functions are de-
creasing, we can apply similar reasoning from Proposi-
tion 2 to state that we have a unique Nash equilibrium.
�

To obtain a unique Nash equilibrium, we must limit
ourselves to strictly increasing generator functions. Ex-
amples 1, 2, and 3 all satisfy this requirement. If we
generated a cost function using g(p) = pk with k ≤ 0,
the resulting demand functions would not decrease and
no equilibrium solution would exist. Generator func-
tions that are both increasing and decreasing may lead
to multiple equilibria.

Nevertheless, the set of strictly increasing functions
is a large class from which we can obtain generator
functions. We can obtain an infinite number of mecha-
nisms which maximize social welfare.

5. Conclusion

We have addressed the efficiency of markets for
divisible resources. We first looked at proportional
schemes and showed that even though linear weighting
is optimal in a particular subset of mechanism space, it
is not maximally efficient. We then developed a method
to generate an entire class of divisible auction rules that
maximize social welfare. System designers can now ad-
dress secondary performance measures and optimize
over this class. Furthermore, all the mechanisms de-
scribed here use one-dimensional signaling and take
O(N) steps to calculate the allocation. Thus, they have
the lowest possible signaling and computational costs
for a divisible auction. Because of transparency, effi-
ciency, and overhead, one might surmise that the auc-
tions presented here are ideal allocation mechanisms.
However, we must still investigate the effects of coop-
erative phenomena and other higher degree responses
to fully understand the consequences of implement-
ing these systems. In addition, since equilibrium is left
to the agents, learning stable decentralized negotiation
schemes are important components that need to be de-
veloped.
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